Using results from group theory, we offer a concise proof of the imprimitivity of locally finite, vertex-transitive, 1-ended planar graphs, a result previously established by J .E. Graver and M. E. Watkins (2004) using graph-theoretical methods.
Introduction
Locally finite planar graphs whose automorphism group is primitive were characterized in [14] as follows (by a lobe, we mean a maximal 2-connected subgraph):
1.1 The automorphism group of an infinite, locally finite, planar graph Γ is primitive if and only if, for some integer m ≥ 2, every vertex of Γ is incident with exactly m lobes and no separating edge. Moreover, either all of the lobes are isomorphic to K 4 or all are circuits of length p for some fixed odd prime p.
The sufficiency of the condition, that the graphs described above are indeed primitive, had been previously done in [10] , and so the authors' task in [14] was to prove that no other infinite planar graphs with primitive automorphism group exist. The argument in [14] that no 1-ended examples exist is particularly long, with a variety of cases and subcases wherein nontrivial systems of imprimitivity were constructed by brute force. In this note, using group-theoretical methods, we offer a concise proof of the imprimitivity of 1-ended planar graphs.
Group-theoretic preliminaries
Let X be a nonempty set and let G be a group of permutations on X. We denote by ι the identity of G. If W ⊆ X, and α ∈ G, then α(W ) is the subset {α(w) : w ∈ W }. We say that G acts transitively on X if for all x, y ∈ X, there exists α ∈ G such that α(x) = y. For x ∈ X, the stabilizer of x is the subgroup G x = {α ∈ G : α(x) = x}.
A subset B ⊆ X is called a block (of imprimitivity) with respect to G when, for all α ∈ G, either α(B) = B or α(B) ∩ B = ∅. Clearly ∅, X, and the singleton subsets of X are blocks. If G acts transitively on X and admits only these so-called trivial blocks, then G is primitive on X; if G acts transitively on X but admits nontrivial blocks, then G is imprimitive on X. A basic fact concerning imprimitive permutation groups is the following (see, for example, [2] , Theorem 1.7). Proposition 2.1. A permutation group G acting transitively on a set X is imprimitive if and only if, for any element x ∈ X, there exists a subgroup M such that G x < M < G.
Note that the subgroup containment in Proposition 2.1 is proper. Definition 2.2. An infinite group G is residually finite when for any α ∈ G\{ι} there exists a subgroup N of G such that α / ∈ N and [G : N ] < ∞.
The following characterization of residual finiteness will be used. Proof. Suppose that G is residually finite, and let
\ {ι} and repeat this argument. In finitely many steps, one arrives at a subgroup The converse is immediate.
Definition 2.4.
A group G acting on the plane P is a planar discontinuous group if each point p in the plane lies in a neighborhood O(p) such that, for all α ∈ G, either α(p) = p or α(p) / ∈ O(p). Such a group G is co-compact if the quotient space P/G is compact.
Lemma 2.5. Every co-compact planar discontinuous group is residually finite.
Proof. By Theorem 4.10.1 of [16] , every co-compact planar discontinuous group has a surface group of finite index, where a surface group is simply a fundamental group of some compact orientable surface. Such groups are known to be residually finite (see e.g. [5] ). Since residual finiteness is a property that is hereditary upward to supergroups of finite index, the result follows.
3 Graph-theoretic preliminaries
In this note, graphs and their subgraphs are denoted by capital Greek letters. We let Aut(Γ) denote the automorphism group of the graph Γ. The graphs that we consider are locally finite, i.e., all vertices have finite valence. An end in an infinite graph is an equivalence class of rays (1-way infinite paths) whereby two rays are in the same end if there exist infinitely many pairwise-disjoint finite paths joining them. If Γ is locally finite and Aut(Γ) has finitely many orbits, then, by results in [6] and [9] , the set of ends of Γ has cardinality 1, 2 or 2 ℵ0 . For a (locally finite) graph Γ with exactly one end, the following simple characterization holds: for any finite subgraph Φ of Γ, the subgraph Γ − Φ has exactly one infinite component. In this note, our interest is confined principally to 1-ended graphs. Let M be the planar map induced by an embedding of a locally finite graph, and suppose that every face of M has finite covalence, that is, has finitely many edges in its boundary. For each face of M , an interior point of the surface may be designated as its center. As usual in the theory of maps, we regard M as being composed of flags, which are (closed) topological triangles whose three corners are a vertex v, the midpoint of an edge e incident with v, and the center of a face incident with both v and e.
The following result is crucial for the present argument.
Lemma 3.2. The automorphism group of every infinite, locally finite, 1-ended, vertextransitive, planar graph is residually finite, and the stabilizer of every vertex is finite.
Proof. Let Γ be an infinite, locally finite, 1-ended, vertex-transitive, planar graph, and let P denote the plane. Planarity, local finiteness, connectivity at least three (by Proposition 3.1) and 1-endedness imply, by Theorems 13 and 14 of [12] , that there is a (topologically as well as combinatorially) unique embedding θ : Γ → P such that every connected component of P\θ(Γ) is homeomorphic to an open disc forming the interior of some face of the embedding. Let M be the planar map induced by the embedding θ. The vertextransitivity and 1-endedness of Γ imply that every face of M has finite covalence. The two cited theorems from [12] then imply the important fact that every point of P is contained in a flag of M .
Invoking an extension of H. Whitney's result [15] for finite planar graphs to infinite graphs (see [7] or [13] ), every automorphism of Γ extends to a map automorphism of M . As the converse is obvious, we have Aut(Γ) ∼ = Aut(M ). It is well known (cf. [4] Lemma 3.1) that the action of Aut(M ) is semi-regular on the set of flags of M . Furthermore, it follows from Theorem 5.4 and Proposition 5.5 of [8] (and their extensions to orientationreversing automorphisms) that the group Aut(M ) is isomorphic to a group G acting on P via an isomorphism that takes an automorphism α of Aut(M ) to a unique homeomorphism α of P with the property thatᾱ maps every flag x of M pointwise to the flag α(x).
Since M is locally finite with all covalences being finite, the stabilizer in Aut(M ), and hence in G, of any point on the boundary of a flag of M must be finite. Moreover, by the semi-regularity of Aut(M ) on flags, the stabilizer in G of any interior point of any flag is trivial. Since every point of P lies in some flag of M , it follows that G is planar discontinuous by Definition 2.4.
The local finiteness and vertex-transitivity of M further imply that the quotient space P/G is an identification space formed by equivalence classes of flags incident with a fixed vertex modulo its stabilizer in G. Hence P/G is compact and G is co-compact. The conclusion now follows from Lemma 2.5.
We emphasize that our remark in the above proof about every point of P being contained in some flag of M is by no means automatic and becomes invalid in general if one drops the assumption either of vertex-transitivity or of one-endedness. In such cases one may have accumulation points in P but not on θ(Γ), and these points of P would belong to no flag of the embedding. Indeed, the primitive planar graphs described in statement 1.1 are infinitely ended. More extreme examples of such a situation are presented in [11] where it is shown that for every integer k there exists an infinitely-ended k-connected vertex-transitive planar graph with each vertex lying on at least k faces bounded by a two-way infinite ray. The union of all flags of such a map is P with a Cantor set removed, and arguments in our proof would not apply to the points in the Cantor set. Vertex-transitive graphs with exactly two ends have polynomial growth, and therefore are imprimitive (see [3] , Theorem 4).
4 A short proof of the main result Theorem 4.1. Let Γ be an infinite, locally finite, 1-ended planar graph, and let G be a group of automorphisms that acts transitively on the vertex set of Γ. Then G is imprimitive.
Proof. Let Γ and G be as described in the hypothesis. It is sufficient to assume that Γ is vertex-transitive and G = Aut(Γ). By Lemma 3.2, G is residually finite and the stabilizer G v of any vertex v of Γ is finite. By Lemma 2.3, G contains a normal subgroup N such that N ∩ G v = {ι} and [G : N ] > |G v |. This implies that G v < N G v < G. By Proposition 2.1, G is imprimitive.
Normality of N in G gives our main result an extra flavor. Namely, if M is a planar map arising from the unique embedding of Γ in P as in the proof of Lemma 3.2, then the quotient M/N is a finite map on a compact surface, possibly with boundary if N contains orientation-reversing elements. Blocks of imprimitivity are then pre-images of individual vertices in the natural covering M → M/N . Our construction also shows that such blocks of imprimitivity can be chosen in infinitely many ways.
